GENERALIZATION OF SCHWARZ-PICK LEMMA TO
INVARIANT VOLUME IN A KAHLER MANIFOLD

BY
K. T. HAHN AND JOSEPHINE MITCHELL

1. Introduction. Let 2 be the class of bounded homogeneous star-shaped
domains D<space C" of n complex variables z=(z!,...,z"). A domain D is
homogeneous if any point of D can be transformed into any other by a holomorphic
automorphism; D is star-shaped with respect to a point z, € D if z € D implies
that r(z—z,) € D for 0<r=1. A bounded domain D possesses the Bergman metric,
which is invariant under biholomorphic mappings. Let ¢ be a class of Kéhler
manifolds A such that the components of its Ricci curvature tensor satisfy certain
boundedness conditions (see formulas (2.9)). We consider biholomorphic mappings
w=w(z) of D e @ into A € A, that is, w=(w?, . . ., w"), where w is local coordinate
on A, and wi=wi(z},..., z"), are holomorphic functions on D with Jacobian
determinant

Ju(2) = o(w)jo(z) # 0.

In §2 we generalize the Ahlfors version of the Schwarz-Pick lemma in C! to
invariant volume in bounded homogeneous domains D € 2 in C" This theorem
states that if w=w(z) is a holomorphic mapping of the disk |z| <1 into a Riemann
surface W and if the metric do=2A |dw|, A>0, of W has a negative curvature < —4
everywhere on W, then

Aldwldz| = 1/(1-1z]?)

for |z| <1 [1]. Theorem 1 gives the invariant form of this generalization (with
respect to biholomorphic mappings) and Theorem 2 an inequality which genera-
lizes an inequality obtained by Dinghas when D is the unit hypersphere [4]. The
proof of these theorems uses the method of Ahlfors in [1] and depends on properties
of certain relative invariants of D, in particular, the fact that the Bergman kernel
function of a bounded homogeneous domain is infinite everywhere on the boundary
(Lemma 1). In §3 various applications and extensions of the ideas in §2 are given
in Theorems 3-6 and corollary. In §4 the results of §2 are applied to a study of the
relative invariants of the classical Cartan domains R, (j=I, ..., IV), in particular,
the invariant I; (see (2.4)) is calculated. This procedure leads to a solution of a
certain nonhomogeneous partial differential equation formed from the Hessian
determinant of a holomorphic function on R;.
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2. Generalization of Schwarz-Pick lemma. 1. Let D be a bounded homogeneous
star-shaped domain of class 2. Its Bergman metric is given by

4)) dsy = T,5dz* dz*
(the summation convention is used), where

. ?logKy(z,z
Top = Topl(z, 2) =‘—5§&—;’;—(i¢“—)’
)

TD = TD(Z, 2) = det(Taﬁ),

K; (z, z) the Bergman kernel function of D [2]. The Bergman metric is a Kahler
metric on D which is invariant under biholomorphic mappings of D. The domains
D in 2 have the additional properties:

(i) The image domains D, of D under the similarity transformation

A3) w = r(z—z,), 0<rsl,

are such that D, <D,, if ry<r,. Also D=J%, D,,, where r;, 0<r;<1, is an
increasing sequence with limit 1. These facts follow since D is star-shaped. (Without
loss of generality we may take z,=0 in (3).)

(ii) The kernel function K,(z, Z) becomes infinite on the boundary 0D of D
(This means that the set [z: z€ D and Kj(z, Z)< M] is relatively compact on D.)
This result is included in Lemma 1.

DEFINITION. A real-valued function Rp(z, Z) on D is a relative invariant of D
if under any biholomorphic mapping w: D — D*

Rpu(w, W) |J(2)|2 = Rp(z, 2).

The functions Kp(z, Z) and Tp(z, Z) are relative invariants of D [2] and conse-
quently the function

C)) Ip(z, 2) = Kp(z, 2)[Tp(z, 2)
is invariant under biholomorphic mappings:
) In(z, 2) = Ipd(w, W).

It is clear that if Jp, is another invariant of D, then J,=kI, for some constant k.
Therefore, an invariant on a homogeneous domain is uniquely determined up to
a constant multiple.

LEMMA 1. Any relative invariant Ry(z, Z) of a bounded homogeneous domain D
becomes infinite on 0D.

Proof. Let I" be the group of holomorphic automorphisms of D. Since the set
of elements of I' is uniformly bounded it forms a normal family. Let a be an
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arbitrary point and 4, a fixed point of D. Since D is homogeneous there is an auto-
morphism t=1,(z) which maps a, into a. Since Ry(a, a) is a relative invariant of D

© Ro(a, @) = Ro(ao, @) |/, (@0)| =2
Let b € oD. It follows from a well-known theorem of H. Cartan [3] that
) lim J;, (z) = 0.

aj—b

The lemma follows from (6) and (7).
Let X" be the class of Kihler manifolds A with metric given by

do? = g.p(w, W) dw® dw®,
®
& = ga(w, W) = det(g.p),
where w is a local coordinate of a point on A. We also assume

(9a) —rqputi® 2 0,
(9b)  det(—rop) 2 ga
where

_ 0%log ga
%) e =~ Gum owh

are the components of the Ricci curvature tensor of the metric (8) [8, 126]. Since
In=Kp/|Tp is constant for a homogeneous domain, it follows that the components
of the Ricci curvature tensor of the metric (1) have the form

_PlogTp _ _
0z 978 ab

so that (9) is satisfied. Hence 2 is a subclass of ¢,

2. THEOREM 1. If a bounded homogeneous domain D of class 2 can be mapped
biholomorphically by w=w(z) into a Kihler manifold A € A", then

(10) ga(w, W) [1u(2)|* = T(z, 2)

on D. Equality holds if the mapping is onto and the Kdihler metric of A equals the
Bergman metric of A.

Proof. Let z € D. By (i) there exists an r < 1, such that z € D,. Now D, is a homo-
geneous domain: z;, z; € D, implies z,/r, z,/r € D by the similarity transformation
s given by (3) with z,=0; thus there is an automorphism ¢ of D which takes
z,/r into z,/r and s~ s is an automorphism of D, and takes z, into z,. Let {={(2)
be an automorphism of D, which takes an arbitrary point z of D, into 0. From the
definition of relative invariant

KD,(O’ 0) KD,(zs Z) —
(n b =7,00 " They »&D
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so that the invariant I (z, Z) is a constant on D,, and by (5)
(12) Ip, = Ip.

Let
G.pdz* dz*

be the hermitian form on D corresponding to the metric (8) on A under the inverse
mapping z=z(w) of w: D —A [5, 79]. Then

Guslzr 2) = guato, W) 28 2
and
(13) Go(z, 2) = ga(w, W) [Ju(2)|* > 0.
Let
Rz, 2) = 55 8‘” log Gp(z, 2).
Then
rqg(w, w) ?:“ ?fv = Rz, Z)
and

det(—r,a(w, w)) = det(— Rqa(z, 2)) |J(2)| =2
Thus from hypothesis (9b)
(14 det(— Rap(z, 2)) Z ga(w, W) [Ju(2)|* = Gi(z, 2).
Following the proof in Dinghas and Ahlfors [4, 11] let

_ GD(za E) _ KDr(z’ E)
U=lgz 06,00 V=8 %,@0,0
1s)
Y- y—_v,

and set E=[z € D: U> V] (E open). Since under the transformation (3) 0D — oD,
from Lemma 1 Kp, (z, Z) becomes infinite on 0D,. Thus since U is continuous on
D,=D and V on D,, E<D,. Let O be any component of E. Then OcE< D, so
that O is compact. Thus the continuous function ¥ takes its maximum at a point
2o € O but ¥(z,)=max ¥ >0 so that z, € E. Since ¥ has a maximum on E,

2
0 ‘F_B uub 20

at z, for any vector (¥%) or by (15)

2U ., BV

R < a8
(16) e 4 = pgmopp
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From (15), (13) and (9a) and (c)

02 : =
17 5273%5 wiab = —r#u 2 0,

where (#*)=((0w"/0z%)u®). From the definition of V the matrix A=(82V/oz* 9z¥)
is positive definite. Hence by a classical theorem on the simultaneous reduction
of a pair of hermitian quadratic forms there exists a nonsingular matrix T such
that

A=TT' ,B=TAT',A = [, ..., A]
[7, 191], B=(02U/oz* 9z%), and from (16) and (17)
0= Al s >l
i=1
where {=uT. By taking { successively equal to (1,0,...,0), (0,1,0,...,0),...,
©,...,0,1), we get 0SN<1(i=1,...,n). Hence at z, since det TT >0

2
0= det(—a—q—) < det(

%V )
0z% 0z%

0z% 08

But from (15) and (14)

otU =
det(m) = Gp(z, 2)

while from (15), (2), (11) and (12)

T5(0, 0)
K5(0,0)

oV = =
det(W) = TD,(Z’ Z) = KD,-(Z, Z)

so that at z,

Go(z,2) _ Ko,z 2)

(18) T50,0) = K5(0,0)

that is, U<V, which is a contradiction. Thus O and E are empty so that USV
on D,, and relation (18) holds on D,. Since K, is a relative invariant,

~amg (2,2
Golz,2) | KD(r r)
T,0,0) = Kp0,0)

and letting r — 1 from the continuity of K,(z, Z) on D follows

GD(Z’ 2) < KD(Z’ 2)
Tp(0,0) = K5x(0,0)

which gives (10) by (13), (4) and the fact that I,(0, 0)=I,(z, Z).



226 K. T. HAHN AND JOSEPHINE MITCHELL [August

To prove the last part of the theorem we note that do,=ds, and g,=T, and
since T, is a relative invariant equality follows in (10).

REMARK. The inequality of Theorem 1 is invariant under biholomorphic map-
pings in the following sense. Let D € 2 — D* and A € " — A* under the biholo-
morphic maps z*=z*(z) and w*=w*(w) respectively. Suppose there exists a
biholomorphic mapping w* =f(z*) of D* into A*. Then

(19) Zas(W*, w*) [J(z%)|? = Tpu(z*, 2%)
for z* € D*.

Proof. Set A=w*~1fz* Then w=Ah(z) is a biholomorphic mapping of D into A
and by Theorem 1

gA(w’ W) I"h(z)l2 é TD(zs 2)‘
Since

Tp(z, 2) = Tpdz*, 2*) |J.u(2)|? and ga(w, W) = gas(W*, w*) |Jye(W)|?,
and from the definition of A
[Jn(2)|? = [J(z%)]? [Tr(D)]? [Tur(W)] 72,

from which (19) follows.
The following form of Theorem 1 is not invariant under biholomorphic
mappings. It may be proved by replacing U in (15) by U=log G(z, 2).

THEOREM 2. If there exists a biholomorphic mapping w=w(z) of @ domain D € 9
into a Kihler manifold A € X" with condition (9b) replaced by

det(—rep) = Tp(0, 0)ga(w, W),
then on D
ga(w, W) [J(2)|? £ Ty(z, 2)/Tp(0, 0).

REMARKS.

1. The result obtained by Dinghas in [4] is a special case of Theorem 2 when D
is the unit hypersphere.

2. A disadvantage of Theorem 2 is the fact that the original domain D furnished
with the Bergman metric cannot belong to our admissible class of Kdhler mani-
folds A.

3. Further extensions and applications of Theorem 1.

1. Area theorem for manifolds of n real dimensions. We also may derive an
inequality for manifolds of n (real) dimensions. Let M <D be a continuously
differentiable manifold of dimension n parametrized by z!=z'(u), u a point of the
n-cube I*. The n-dimensional noneuclidean analytic volume of M is

dVy(z) = TH*(z, 2) |o(z, . . ., zv)/o@u?, . . ., u™)| dw,,

and is invariant under biholomorphic mappings of D [5, 330]. Then
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THEOREM 3. Let M be a continuously differentiable manifold of real dimension n
in D and w(M) its image under a biholomorphic mapping of D€ @ into Ae A",
Then VA(W(M))S V(M) and equality holds if the mapping is onto and do,=dsp,.

We note that if we take A= D and do,=dsp, we obtain a generalization of the
Schwarz-Pick lemma to this real n-dimensional noneuclidean volume (see also
Theorem 25.1 in [5]).

Theorem 3 is invariant under biholomorphic mappings of D and A in the sense
described in §2.2 since all quantities involved are invariant under such biholo-
morphic mappings.

2. Properties of certain domain functions. The following theorems give some
useful inequalities connecting the relative invariants of a domain D and I,(z, 2).
The first theorem follows easily from Theorem 1 for homogeneous star-shaped
domains but also holds for any bounded domain.

THEOREM 4. Let D be any bounded domain and w=w(z) a biholomorphic mapping
of D into D. The invariant I(z, Z) £ 1 on D if and only if Kp(w, W) |J,(2)|2 S Ty(z, 2).

Proof. Suppose that I;(z, Z2)<1 on D and assume that the conclusion does not
hold, that is, there is a point z, € D such that

Kp(Wo, Wo) [Jul20)|? > Tn(20, Zo) (Wo = W(2o)).
Now D*=w(D)< D and hence Kp.(wo, Wo) = Kp(wo, W,) [2, 45]. Therefore
Kpe(Wo, Wo) [Ju(20)|> = Kp(2o, Z0) > Tp(20, Zo) or In(zo, Zp) > 1

which is a contradiction. Since the Jacobian of the identity mapping is 1, the
converse of the theorem is trivial.
A useful application of Theorem 4 is

THEOREM 5. Let D be a bounded complete circular domain in C™ with center at
the origin and w=w(z) a biholomorphic mapping of D into D. If I,<1 on D, then
[J(2)|2 S w(D)Tp(z, 2). Also w(W(G)) £ w(D)V(G) (w euclidean volume) for any
measurable G < D, where V(G)= [, To(z, £) dw,.

Proof. Since D is a bounded complete circular domain, Kj(z, Z) attains its
minimum at z=0 [6, 79] and the minimum value is 1/w(D). Then the conclusions
of the theorem follow from Theorem 4.

Since V(G)=V,(w(G)) we have

COROLLARY. Under the hypotheses of Theorem 5
w(W(G))/Vp (W(G)) = w(D)

for any measurable set G< D with nonzero measure. In particular if w=w(z) is the
identity mapping, then ‘

«(G)/Vp(G) = «w(D).
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We remark that I, <1 for the classical Cartan domains. (See §4.) In fact we do
not know examples of domains for which I,(z,, Z,) 2 1 at some point z, € D.
Finally if we apply Theorem 1 under the identity mapping w=z, we get

THEOREM 6. Let A be a homogeneous bounded domain in C* and D a subdomain
which is equivalent to a domain in 9. Then for z € D

TA(Z, 2) é TD(Z, 2)'

4. Relative invariants on the classical Cartan domains.

1. The theorems in §2 give interesting results for the classical Cartan domains.
These domains along with two special domains are the 4 types of bounded ir-
reducible symmetric domains in C™, into which all bounded symmetric domains
in C" can be mapped biholomorphically. Let z be a matrix of complex elements,
z' its transpose, z* its conjugate transpose, and I the identity matrix. The first 3
types are represented by

R; = [z: I—zz* > 0]

(=1, 11, I11) where z is a matrix of type (n, m) on Ry, z is a symmetric matrix of
order n on Ry and a skew-symmetric matrix of order n on Ry, and “ >0’ means
that the quadratic form is positive definite. The fourth type Ry is the set of n
dimensional vectors such that

|zz'| < 1, 1-22z"+]zz'|% > 0.

These domains belong to class 2. The Bergman kernel function of these domains
is known [6] so that to get inequality (2.10) it is sufficient to find 7;=T (0, 0)
and use formula (2.11). For the first 3 types

1
* —
Kz 2) = o qem =2

p=m+n for R, n+1 for Ry and n—1 for Ry; and w, is the euclidean volume of
Rj. For R]V

1

KIV(za Z) = wlv(1+|ZZ'|2—222')n

In case 1 since log Ki(z, z*)= —(m+n) log Q;—log w;, where Q;=det(I—zz*)
we need the value of 62Q;/0z%%0z" at z=0. To evaluate this use the expansion for
the characteristic equation of zz* with A=1:

det(A\[—zz*) = A —oA" 141, A" "2— ... & det zz¥,

where ¢; is the sum of the principal i-rowed minors of zz*, ¢ being the trace. Since
t; is a homogeneous polynomial of degree 2i, only the second derivatives of o
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contribute nonzero terms at z=0. Also all the first derivatives of #, and o are 0
at z=0. Now

P) _, 0
a—z'—“log Kl(za Z*) = _(m+n)QI ! W QI’

92 * _g O 4 -1 9?0
22°8 o57° log Ki(z, z*) = (m+n) Qs 3298 O 777 O —(m+n)Q; 52 5778

These remarks and formulas apply also to cases II and III.
Since 0=3; , z/¥z*, at z=0

%0
0z%8 9z79 = sjaskﬂslraké’

9® log Ki(z, z*) _
“oFore Mt
and all other derivatives are zero so that

T(0, 0) = det[(m+n)I] = (m+n)™,

1
L™ wm+n)™

and from (2.4)

(m+n)™

0)) Ti(z, z*) = Fet T2z

The trace of zz* for a symmetric matrix is

o = Z 2159 4.2 Z‘ gk
i

j

so that at z=0

% 0%

227079 = 0 Pk oz 2 G#5b
and all other derivatives of o are zero. Thus

Tn(o, 0) = (n + l)ﬂ((n + 1)/2)2n(n - 1)/2,

1
Iy = w2 = D2 3 [yn+ DI
and
n(n—-1)/2 n(n +1)/2
@ Tu(z, 2%) = 2t 1)

det™+ 1(I—23)
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For a skew symmetric matrix o=2 3, z**Z’*, where the matrix z has only
n(n—1)/2 distinct nonzero elements, so that we get

1
Iy = oml2(n— D™ D2’

[2(” —_ 1)]n(n - 1)/2.
det*~1(I+z22)

Ti(0, 0) = [2(n—1)]n-1r2,

3)
Tz, 2) =

For case 1V setting A=1+|zz'|2— 222’

a—iaA = 22°(F)2 4 - - - + ()] - 225,

which is 0 at z=0 and similarly for 9A/0z* and

%A _
a—z';'a—zn = 42“2”—28,,

so that at z=0

2% log Kwv(z, Z

T = (=25
and

" -1

@ TIV(O’ 0) = (2”) s Ly = wlv(zn)“,

@n)"
(I +|zz’|2=2zZ')"

TIV(Z’ E) =

Formulas (1), (2) and (3) give the interesting result

THEOREM 7. The function logdet™'(I—zz*) satisfies the partial differential
equation

o2V
(5) det(m) = qe®’
on R, (j=1, 11, 111) where a=1, b=m+n for an (n, m) matrix, a=2"*~""2 for a
symmetric or skew-symmetric matrix and b=n+1 for a symmetric and n—1 for a
skew-symmetric matrix. For case 1V —log(l+|zz'|2—2ZZ) satisfies the partial
differential equation

an — npnV
(6) det(W) = 2"
on Ryy.

This theorem corresponds to Lemma 4 of Dinghas [4] for the function
—log(1—2z'2%).

Using the values for the euclidean volume given in [6] and induction on n we
find that the invariant I;<1 (j=I, II, III, 1V). Thus Theorem 5 holds for the
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Cartan domains and from this result, Theorem 4.2.1 of [6] and the expressions
(1)-(4) for T4z, z*) we obtain an interesting distortion theorem on the Jacobian
of an interior mapping of a Cartan domain:

THEOREM 8. Let w=w,(z) be a biholomorphic mapping of the Cartan domain R,
into itself. Then

[, @) < 'i’(ZTZ)P

for z € Ry, where I is the invariant of R; and J(z, Z) the Jacobian of the holomorphic
automorphism of R; which maps z into the origin (j=1I, 11, III, IV),
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